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Abstract. The paper investigates the problem of estimation of the confidence level for Value-at-Risk to

get the minimum VaR portfolio with a predefined level of expected return. The equation which describes

the relation between the confidence level and the rate of the expected return depends on the unknown parameters of distribution
of asset returns which should be estimated. The classical sample estimators for unknown parameters are used. The author has
examined the properties of the estimator for the confidence level in considerable detail. Under the assumption that the asset
returns are multivariate, we find the asymptotic distribution of the estimator for the confidence level. Moreover, we extend this result
to the case of elliptically contoured distributed asset returns. Based on the distributional properties, the confidence interval for the
confidence level for VaR is constructed and the test procedure whether the resulting portfolio is statistically different from the global
minimum variance portfolio is provided. Using a simulation study, we demonstrate that our results give a good approximation even
in the case of moderate sample sizes =250, =500 not only in the case of normally distributed asset returns, but also when asset
returns follow the elliptically countered distribution. We have concluded that investors can use the results of the paper with regard
to all sectors of the economy.

We used monthly asset returns of five stocks included into Dow Jones Index, namely: McDonald’s, Johnson&Johnson,
Procter&Gamble, AT&T, and Verizon Communications from 01 October 2010 to 01 September 2015 to give numerical illustration
of our fundamental results.
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3a6onoubkuii T. M.

KaHAaupaTt eKOHOMIYHUX HayK, AOUEHT Kadeapu iHhopmaLinHUX TEXHONOFIN,

JbBiBCHKMI IHCTUTYT YHiBepcuteTy 6aHKiBCbKOi cripaswy, J1beiB, YKpaiHa

OuiHka piBHA goBipu anA Value-At-Risk: ctraTucTuiHuiz aHanis

AHoTauiA. Y cTaTTi gocniaxkeHo npobnemy ouiHku piBHA Aosipy anA Value-at-Risk, wo6 oTpumaty nopTdens 3 MiHiManbHUM
piBHem VaR i3 Hanepen 3agaHum piBHEM O4ikyBaHOi AOXiAHOCTI. PiBHICTb, WO ONMCye CNiBBiAHOWEHHA MiX piBHEM A0BipK Ta
PiBHEM OYiKyBaHOi AOXiAHOCTI, 3aNeXNTb BiJ HEBIAOMMUX NapameTpiB PO3MOAiNy AOXiAHOCTI aKTUBIB, AKI NOBMHHI ByTW OLiHEHi Ha
npaxkTuui. Y poboTi BUKOPUCTAHO KNacu4Hi BMOIPKOBI OLHKK AnA HeBiAOMUX napameTpis. [leTanbHO A0CMiAXEeHO BNacTUBOCTI
posnodiny oTpMMaHoi OLUiHKK ANnA piBHA A0BipU. BukopucToByoun BNacTMBOCTI po3noginy, nobyaosaHo iHTepBan AoBipn AnA
piBHA ooBipu anA VaR i cTaTUCTUYHI TeCTU ANnA NepeBipKu rinoTean, Yn iCTOTHO BiApi3HAETLCA NOPTMenb 3 HAMMEHLIMM PiBHEM
VaR Big noptdena 3 HanmeHwow aucnepcieto. Ha ocHosi meTtogy MoHTe-Kapno nokasaHo, Wo oTpumaHi pesynbTaTn gailoTb
XopoLue HabnM>KeHHA He TiNbKU B BUNaAKy HOPManbHO pO3MogiNeHnX AOXiAHOCTEN akTuMBIB, ane 1 npu AOXiAHOCTI aKTUBIB, WO
MaloTb 6araToBUMIPHWIA eNiINTUYHUIA PO3MNOAIN.

Knto4yoBi cnosa: iHBecTUUinHWi nopTdens; npobnema Bubopy cTpykTypu noptdens; Value-at-Risk; aucnepcia; ovikyBaHa
OOXiAHICTb; BUBIpKOBA OUIHKA; Mipa pU3KKY.

3a6onoukun T. H.

KaHanaaT 9KOHOMUYECKMX HayK, AOLEHT Kadeapbl MHOPMaLMOHHBIX TEXHOMOMN,

JIbBOBCKUI MHCTUTYT YHMBEpcuTEeTa 6aHKOBCKOro Aena, YkpavHa

OueHka ypoBHA gosepua anA Value-At-Risk: ctatuctuyeckun aHanus

AHHOTaumA. B ctatbe nccnenosaHa npobnema oueHkn ypoBHA goBepuA anAa Value-At-Risk, 4Tobbl nonyuntbe noptdens ¢
MUHVUManbHbIM ypoBHeM VaR ¢ 3apaHee 3a4aHHbIM YPOBHEM OXUAAEMOW [JOXOAHOCTU. PaBeHCTBO, ONMCbIBatoLLEee COOTHOLLIEHNE
MeXay YPOBHEM [OBEpuA U YPOBHEM OXMAAEMOW OOXOAHOCTU, 3aBUCUT OT HEWU3BECTHbIX MapameTpoB pacnpeneneHvA
[OXOAHOCTU aKTUBOB, KOTOPbIE AOMXKHbI BbITh OLEHEHbl Ha NpakTuke. B paboTe UCNONb30BaHbl KNnaccu4eckne BbIGOPOUHbIE
OLEHKM AnA HEeU3BECTHbIX NapaMmeTpoB. [ogpobHO uccnenoBaHbl CBOMCTBA pacnpeneneHa OUeHKN AnA ypoBHA fosepusa. Ha
OCHOBaHUM CBOWCTB pacnpeaenieHns, NoCTPOeHO NHTepBan AoBepuA ANA yPoBHA fosepua anAa VaR v ctatuctuyeckne TecTbl
ONA NPOBEPKM rMNoTe3bl, CYLLECTBEHHO MU OTNnYaeTcA nopTdens ¢ HaMMeHbLWMM ypoBHeM VaR oT nopTdena ¢ HaMmeHbLUen
avcnepcuen. Ha ocHoBe metoga MoHTe-Kapno nokasaHo, 4TO MOMyYeHHble pe3ynbTaTbl AAOT Xopolwee NpUbnuxXeHne He
TOJNbKO B Clly4ae HopMarnbHO pacrnpeneneHHblX JOXOAHOCTEN akTUBOB, HO U MpY AOXOAHOCTAX aKTUBOB, MMEIOLLMX MHOTOMEpPHOe
ANNMNTUYECKOE pacnpeneneHue.

KnioyeBble cnoBa: MHBECTUMUMOHHbIM nopTdens; npobnema Bbibopa CTpyKTypbl nopTdensa; Value-at-Risk; ancnepcus;
oXxupaaemas LOXOAHOCTb; BbiIBOpOYHAA OLEHKA; Mepa pucka.

1. Introduction nancial activity is the use of portfolios. At the first glance, it may

To divide the wealth between assets in order to get the ma-
ximum expected return and the minimum risk is the main goal
of the investor. Diversification is a basic tool for risk sharing be-
tween the financial elements used in the investment process
and the consequent reduction in the overall level of risk. One of
the most popular methods of application of diversification in fi-

© Institute of Society Transformation, 2016

seem that because of risk reduction the total return of portfolio
should also become smaller. But the main point in portfolio con-
struction is that this process does not always lead to a decrease
in income in spite of the fact that the total risk of the portfolio
becomes smaller. This is archived by using different models of
portfolio optimisation.
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2. Brief Literature Review

The first model of portfolio optimisation was described by
Markowitz in 1952 (Markowitz, 1952). In his work, Markowitz
proposed to construct an optimal portfolio by minimising port-
folio risk for a fixed level of expected return or, equivalently, by
maximizing portfolio expected return for a given level of risk.
To measure the portfolio risk Markowitz took the portfolio va-
riance. All optimal, according to Markowitz, portfolios lie on the
parabola in mean variance space and the hyperbola in mean
standard deviation space (Merton, 1972). This set is known as
the efficient frontier. The portfolios which belong to this frontier
are called efficient by Markowitz. According to Markowitz, the
portfolio is efficient if and only if its expected return cannot be
increased without increasing its variance or its variance cannot
be decreased without decreasing its expected return. It means
that an investor who uses Markowitz’s method for portfolio con-
struction should choose a suitable portfolio only among the ef-
ficient portfolios.

The theory developed by Markowitz has one serious draw-
back. Portfolio variance is not a good risk measure. It may hap-
pen that high returns increase the variance. The better risk
measures are based on either positive values of losses or ne-
gative values of returns. Such measures are known as down-
side risk measures (Krokhmal et al., 2011). The example of such
measures is quantile-based measures. The most popular of
each is the so-called Value-at-Risk (VaR). The VaR is nowadays
recommended as a standard tool for banking supervision (Ba-
sel committee on banking supervision, 2001). The VaR shows
the maximal level of loses with the probability a. The quanti-
ty a is known as a confidence level. The values for o which are
usually chosen are 0.9; 0.95; 0.99; 0.999.

The VaR framework for portfolio construction was consi-
dered in (Alexander and Baptista, 2002; Bodnar et al., 2002;
Rockafellar et al., 2006a, 2006b; Kilianova and Pflug, 2009).
For example, a theoretical background for the portfolio VaR
minimisation is presented in (Alexander and Baptista, 2002). It
is shown that the minimum VaR portfolio is efficient by Marko-
witz. In (Bodnar et al., 2002), the problem of parameter uncer-
tainty for the minimum VaR portfolio is taken into account and
the exact and asymptotic distributions of the characteristics of
the minimum VaR portfolio are found. In spite of the fact that
VaR minimization is very popular for portfolio construction it
can happen that the expected return of the minimum VaR port-
folio is smaller than the desirable level. This problem is actual
for private investors because they are free in choosing the con-
fidence level a. It is a well-known fact that the minimum VaR
portfolio expected return is inversely proportional to the confi-
dence level. However, a smaller confidence level makes the
portfolio more risky. This problem is on a par with the problem
of the Sharpe ratio maximisation when the VaR is chosen as
the portfolio risk measure (Bodnar and Zabolotskyy, 2013). It is
shown that a portfolio with the maximum Sharpe ratio can be
constructed as the minimum VaR portfolio. But it is also proved
that such a portfolio is very risky. For another risk measures
such investigation is provided in (Rockafellar et al., 2006a,
2006b). In (Zabolotskyy and Bilyi, 2014), the relation between
the expected return of the minimum VaR portfolio and the VaR
confidence level is considered. Unfortunately, the investor has
no possibility to use this finding in the portfolio construction
process because it depends on unknown parameters of the
asset return process, namely the mean vector and the cova-
riance matrix. It means that investor should first somehow es-
timate these parameters. The parameter estimators are in ge-
neral case random values, which is why the estimator of confi-
dence level is also a random value.

3. Purpose

The purpose of the paper is to provide a statistical analy-
sis of the estimator of the confidence level for VaR for which
the expected return of minimum VaR portfolio is equal to some
predefined level.

4. Theoretical background

Let P, be a price of an asset at time point % By
X, =100In(P, /P,;), we denote the return of the asset at time
point {. We assume that the investor has already chosen
the assets which she/he would like to include in the portfo-
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lio. Let the number of assets in the portfolio be equal to k.
We denote the vector of asset returns at time point ¢ by
X=(Xu, ..., X;)'. We assume that the mean vector p and
the covariance matrix X of vector X, do not depend on time.
In other words, we suppose that X, follows the weakly sta-
tionary process.

Let w=(w; ...; w,)’ be the vector of portfolio weights and
i'w=1, where i denotes the k-dimensional vector. The weight
of the i-th asset in the portfolio is denoted by w;. The return of
the portfolio at time point ¢ can be expressed as

k
X, (O =wX,=>Xw.

i=1

The expected return of portfolio with the weight vector w
is the mean of X, (1), i.e. R,=E(X,(¢))=w’n. The variance of
the portfolio is equal to V,,=Var(X, (t))=w’2w. The VaR at the
confidence level a (VaR ) of the portfolio with the weight vec-
tor w is equal to the rate of return such that P{ X,,<-VaR }=I-0.

The optimisation problem of the portfolio VaR minimisation
(Alexander and Baptista, 2002) is given by

VaR,—min subject to i'w=1. (1)

It should be noted that the short sales are allowed, i.e. we
do not use the condition 0<w<1 in (1). If we additionally as-
sume that the vector of asset returns X, is multivariate normal-
ly distributed, then the problem (1) can be rewritten in the fol-
lowing form:

2,V =R, =z,NW'Iw - w'p—min subject to i'w=1, 2

where z =—¢~'(1- a) is the a-quantile of the standard nor-
mal distribution. If we additionally denote

Wour=Z AT, Roy=n'Z AT,
Vour=IAZ i, R=Z =i iz AT i, s=p'Rp

then the solution to problem (2) can be written as follows:

z,-$

Wiar = Weuy +

It may happen that the expected return Ry,z of the mini-
mum VaR portfolio with the weights wy.z at confidence level a
is smaller than the desirable value. In this situation, the inves-
tor can decrease the confidence level to get larger expected re-
turn. In (Zabolotskyy and Bilyy, 2014) it is shown that if the in-
vestor is interested in the minimum VaR portfolio with the ex-
pected return equal to R, then she/he should choose the con-
fidence level equal to

a, = (b[

The expression (4) cannot be used in practice because it
depends on the unknown parameters of the asset returns pro-
cess p and 2. These quantities have to be estimated. We make
use of the sample estimators. Let X;, X, ..., X, be indepen-
dent realisations of the vector of asset returns. The sample es-
timators are expressed as

Ve +] )

(R(,\/v' - Ro)z

R & 1 < . .
=Y X e D (X - ) (5)
i=1 i=1

Replacing the unknown parameters p and X in (4) by their
estimators (5) we get an estimator of g

a, = d)[

27
5V

Roy R H]' 6)



Our aim is to investigate the distributional properties of the
sample estimator of o (6). These properties are heavily de-
pendent on the distributional properties of the vector of asset
returns X,.

Normally distributed asset returns

We assume that the vector of asset returns X, is multivariate
normally distributed with the mean vector p and the covariance
matrix 2. This assumption is criticised in financial literature be-
cause the returns with high frequency (daily, hourly, ...) do not
satisfy this assumption in practice. However, the assumption of
normality is relevant to monthly return (Fama, 1976). Taking into
account that our aim is to get first theoretical results about distri-
bution of sample estimator of o, (6) the assumption of normality
is fully correct in our case.

To simplify our further notation we make use of the follo-
wing definitions

l/
A=(Rg \1(*R<1) a=sVeutA; 1= T“”Jr.\ (7)

The asymptotic distribution of sample estimator (6) is pre-
sented in Theorem 1.

Theorem 1. Let us form a portfolio within k assets. Let X, be
the k-dimensional vector of asset returns and X~ Njy(u, 2). Let
X1, Xy, ..., X, be independent realisations of the vector of as-
set returns and pui. Then, the asymptotic distribution of sam-
ple estimator of ag (6) is given as follows:

‘/;(&n 70’0)’“ N(O, Unz) 5 (8)
with

:(/)2](21) ol (2\ Vi (l+s) +5° K1,,A+(2a A) (2+\) ) (9)

13

where 1, s, A are given in (7)
standard normal distribution.

Proof. From the delta method (DasGupta, 2008; Bodnar et
al., 2009) and denoted by the symbol — convergence in distri-
butlon we get

Row | (Raw )|, ({0 (Vaw(+s) 0 0
Vn Vs |=| Vo [[2N[| 0} 0 W 0 . (10)
K K 0 0 0 2s(2+5)

Using the application of the delta method and (10) we get,

and @ is the density of the

\m(du n) N(0,57),

where
da, = da, O« Vaw(+s) 0 0 da, O« oa’
OR Gy CV(m 0 0 25(2+5) OR G\ ‘/V(\n
(11)
This leads to:

s
ARGy I A

2

day _ o) s° _[_ chfj oag
2s°

_o) s* day _ g _ﬁ_(u—Aj

Inserting the derivatives in (11) we get the statement of the
theorem. The theorem is proved.

The straightforward use of the result of Theorem 1 is im-
possible because the variance 2 depends on the unknown
parameters of the asset return distribution u and 2. The inves-
tor can estimate these parameters using the sample estima-
tors (5). Then, the estimator of g2 will have the following form:

52 =D 3 (0073, 0457 + 72,4 a- 4] 25, (12)

The correctness of the estimator (12) is provided by the
next theorem.

MONEY, FINANCES AND CREDIT

Theorem 2. Under conditions of Theorem 1, by n—0 the
estimator (12) almost surely converges to its true value of g?

, o' K
a’,;:/) o8 (25 Vo (1+‘) +5 VoA

FERIEYN + (Za - A)2 2+ ,\')A)H—; o;.

Proof. The theorem follows directly from the proof of Theo-
rem 1 and the continuous mapping theorem (DasGupta, 2008).

The results of Theorems 1 and 2 make it possible to con-
struct (1-f) - confidence interval for o

[dtvi%zl—ﬂl;dﬂﬂ}»%zlfﬁ2}' (13)

The confidence interval (13) allows us to test the hypothesis
whether the confidence level a, significantly differs from 1 or, in
other words, whether the minimum VaR portfolio with the confi-
dence level oy significantly differs from the global minimum va-
riance portfolio. To test this, it is enough to check whether the
interval (13) contains 1. If it is so, then with the confidence level
(1-f) minimum VaR portfolio and the global minimum variance
portfolio are statistically identical.

Elliptically contoured distributed asset returns

We extend the obtained results to the case of elliptically
contoured distributed asset returns. We assume that the vec-
tor of asset returns X, is elliptically contoured distributed with
E(X;)=m and Van(X)=2

The k-dimensional vector Y is elliptically contoured distri-
buted if its characteristics function is given by

E(exp(ix'Y))=exp(in'x)y(x'Dx) for x e IR (14)

where D=X/", y=(-'(0)/2)"* and the function ¥ are known
as the characteristic generator of the elliptical distribution. This
class of distributions contains the multivariate normal distribu-
tion, the multivariate #distribution, the multivariate Laplace dis-
tribution, the multivariate symmetric stable distribution among
others. The distributions from this class are often used in finan-
cial literature (Gupta et al., 2013, DasGupta, 2008, Chamber-
lain, 1983, Berk, 1997).

Under this assumption, we get:

S
Vour . 15
[ "V R~ R SJ (15)

where F denotes the univariate marainal distribution func-
tion of the elements in X, and y=(—y'(0)/2)""?

Theorem 3. Let us form another portfolio within & assets.
Let X, be the k-dimensional vector of asset returns and X, is
an elliptically contoured distributed asset return with E(X, )=p
and Var(X))=2 and the characteristic function given in (14). Let
X1, Xo, ..., X, be independent realisations of the vector of as-
set returns and p=ui. Then, the asymptotic distribution of the
sample estimator of ag is given as follows:

V(& )~ N(0,07), (16)
with
NN (2s Vi (14 A +5V 2 AL+ (2a- AP (2 +s)A),

12
(17)
where 1, s, A are given in (7), J=y"(0)/(y/(0))* and f is the
univariate marginal density function of the elements in X..
Proof. The proof is similar to the proof of Theorem 1 taking
into account the fact that in the case of elliptically contoured
distributed asset returns we have

Iémn' Rovy M 0Y( Vi (1+52) 0 0
V| Vo |=| Ve || N][0 0 Waur 0|l (18)
§ s 0 0 0 2s5(2+s4)
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Numerical illustration

In this section we analyse the finite sample properties
of &,. We choose monthly asset returns of five (k=5) stocks in-
cluded into Dow Jones Index (McDonald’s, Johnson&Johnson,
Procter&Gamble, AT&T, Verizon Communications) from 01 Oc-
tober 2010 to 01 September 2015. Estimating from the data the
mean vector u and covariance matrix 2 and using these es-
timators we can calculate the expected returns of the global
minimum variance portfolio and the minimum VaR portfolio with
the confidence level 0=0,95: R:=0,387 and Ry.x=0,428. We
construct 12 confidence intervals (for confidence levels (1-5)
from {0,9; 0,95; 0,99} and sample sizes n from {120; 250; 500;
1000}) for the confidence level for VaR to get the expected re-
turn R, equal to 0,428. The results are presented in Table 1. We
observe that minimum VaR, . portfolio is statistically identical
for all sample sizes and for all confidence levels if compared to
the global minimum variance portfolio.

sample density of V/n(4,-«,) can be well approximated by a
normal distribution and the resulting approximation performs
very well for moderate sample sizes in spite of the fact that
the convergence to the limit distribution is a little bit slower in
the case of t-distributed asset returns.

5. Conclusion

The minimum VaR portfolios are very popular not only in fi-
nancial literature but also from a practical perspective. They give
a simple interpretation of the optimal portfolio and its risk. The
dependency of these portfolios on the confidence level gives
additional information about the portfolio risk. A higher confi-
dence level implies more reliable results. However, increasing
the confidence level we decrease the expected return of the
minimum VaR portfolio. It may happen that the level of the ex-
pected return is smaller than the desirable value. By choosing
the smaller confidence level the investor can increase the ex-
pected return of the minimum VaR portfolio.

Tab. 1: Confidence intervals for ¢y with R,=0,428

n=120 n=250 n=500 n=1000
0.9 [ 095|099 | 09 [095]099]09 0.9 |099] 0.9 [0.95/0.99
Lower bound |-0.77|-1.10|-1.75]-0.24|-0.47|-0.92]0.11 | -0.05|-0.37]0.350.24|0.02
Upper bound | 2.67 | 3.00 | 3.65 | 2.14 | 2.37 | 2.82 |1.79| 1.95 | 2.27 |1.55|1.66|1.88

Source: Own research

The largest value for the confidence level for VaR for which
the minimum VaR portfolio significantly differs from the global
minimum variance portfolio with a probability of 0.95 can be
found by equating the upper bound of the 0.95-confidence in-
terval (13) to 1 (for different values of n). The results are pre-
sented in Table 2. We observe that the portfolios are very risky
in all the cases.

We further compare the asymptotic densities of the sam-
ple estimator of oy (6) from Theorem 1 and Theorem 3 with
the exact ones. For the presentation of the results of Theo-
rem 3 we choose the multivariate ¢distribution with 5 de-
grees of freedom. The results of the simulation study are
based on 10° independent repetitions and are presented
in Figure 1. For the desired level of the expected return we
choose Ro=2Ruro9s. This finding illustrates that the finite

Tab. 2: The largest values for the confidence level ¢, for
which the minimum VaR portfolio significantly differs from
the minimum variance portfolio with a probability of 0.95

|n=1zo\n=250|n=500\n=1000
Confidence Ievela’ 0.64 \ 0.66 \ 0.69 \ 0.71

Source: Own research

The equality which describes the relation between confi-
dence level and the rate of the expected return of the minimum
VaR portfolio was given in (Zabolotskyy and Bilyi, 2014). This
equality does not have a direct practical application because
it depends on the unknown parameters of distribution of asset
returns process.

In the present paper, the authors have conducted a statis-
tical analysis of the sample estimator of the confidence level
for VaR, for which the minimum VaR portfolio has a desirable
rate of return. Under the assumption that the asset returns
are multivariate normally distributed, we find the asymptotic
distribution of the estimator for confidence level. Moreover,
we extend this result to the case of elliptically contoured dis-
tributed asset returns. We construct the confidence interval
and provide the test theory for the confidence level. Using his-
torical data of monthly asset returns of five stocks included in-
to Dow Jones index, we compare the asymptotic distributions
with the exact ones for different sample sizes. We have shown
that the exact distribution of the estimator of confidence level
for VaR in both cases can be well approximated by a normal
distribution and the resulting approximation performs very
well for moderate sample sizes. We have concluded that the
investor can put the results of the paper into practice with re-
gard to all sectors of the economy.

~~~~~~~ n=120 ===ep=250 = =n=500 =— =p=1000

Asymptotic

~~~~~~~ n=120 ===en=250 =« =0=500 = =n=1000 Asymptotic

-4 -3 -2 -1 4 1 2 3 4 5 6

Fig. 1: Exact and asymptotic densities of /n(4, —«,) for n from {120, 250, 500, 1000} in the case
of normally distributed asset returns (left) and in the case of elliptically contoured distributed asset returns (right)
Source: Own research

Zabolotskyy, T. / Economic Annals-XXI (2016), 158(3-4(2)), 83-87

86



MONEY, FINANCES AND CREDIT

References

1. Markowitz, H. (1952). Portfolio selection. Journal of Finance, 7, 77-91. Retrieved from http://onlinelibrary.wiley.com/doi/10.1111/j.1540-6261.1952.tb01525.x/full
doi: 10.1111/j.1540-6261.1952.tb01525.x
2. Merton, R. C. (1972). An analytical derivation of the efficient frontier. Journal of Financial and Quantitative Analysis, 7, 1851-1872. doi: http://dx.doi.
0rg/10.2307/2329621
3. Krokhmal, P, Zabarankin, M., & Uryasev, S. (2011). Modeling and optimization of risk, Surveys in Operations Research and Management Science, 16,
49-66. Retrieved from http://www.ise.ufl.edu/uryasev/files/2011/11/Modeling_and_Optimization_of_Risk.pdf doi: 10.1016/j.sorms.2010.08.001
4. Basel committee on banking supervision (2001, January). Operational risk consultative document, supporting document to the New Basel Capital Accord.
Retrieved from http://www.bis.org/publ/bcbsca02.pdf
5. Alexander, G. J., & Baptista, M. A. (2002). Economic implication of using a mean-VaR model for portfolio selection: a comparison with mean-variance
analysis. Journal of Economic Dynamics & Control, 26, 1159-1193. Retrieved from doi: http://dx.doi.org/10.1016/S0165-1889(01)00041-0
6. Bodnar, T., Schmid, W., & Zabolotskyy, T. (2012). Minimum VaR and Minimum CVaR optimal portfolios: estimators, confidence regions, and tests. Statistics &
Risk Modeling, 29, 281-314. Retrieved from https://www.researchgate.net/publication/260986489_Minimum_VaR_and_minimum_CVaR_optimal_portfolios_Es-
timators_confidence_regions_and_tests doi: 10.1524/strm.2012.1118
7. Rockafellar, R. T., Uryasev, S., & Zabarankin, M. (2006). Optimality conditions in portfolio analysis with general deviation measures. Mathematical
Programming, Ser. B, 108, 515-540. Retrieved from http://link.springer.com/article/10.1007/s10107-006-0721-9 doi: 10.1007/s10107-006-0721-9
8. Rockafellar, R. T., Uryasev, S., & Zabarankin, M. (2006). Master funds in portfolio analysis with general deviation measures. Journal of Banking &
Finance, 30, 743-778. Retrieved from https://www.researchgate.net/publication/222556409_Master_Funds_in_Portfolio_Analysis_with_General_Avia-
tion_Measures doi: 10.1016/j.jbankfin.2005.04.004
9. Kilianova, S., & Pflug, G. Ch. (2009). Optimal pension fund management under multiperiod risk minimization. Annals of Operations Research, 166, 261-270.
Retrieved from http://link.springer.com/article/10.1007/s10479-008-0405-3 doi: 10.1007/s10479-008-0405-3
10. Bodnar, T., & Zabolotskyy, T. (2013). Maximization of the Sharpe ratio of an asset portfolio in the context of risk minimization. Ekonomicnij casopis-XXI
(Economic Annals-XXl), 11-12, 110-113 (in Ukr.). Retrieved from http://soskin.info/en/ea/2013/11-12/contents_27.html
11. Zabolotskyy, T., & Bilyi, O. (2014). The relation between Value-at-Risk minimization and the return level of financial assets portfolio. Ekonomichna
kibernetyka (Economic Cybernetics), 1-3(85-87), 23-30.
12. Gupta, A. K., Varga, T., & Bodnar, T. (2013). Elliptically contoured models in statistics and portfolio theory. New York: Springer.
13. Fama, E. F. (1976). Foundations of finance. New York: Basic Books.
14. DasGupta, A. (2008). Asymptotic theory of statistics and probability. New York: Springer.
15. Bodnar, T., Schmid, W., & Zabolotskyy, T. (2009). Statistical inference of the efficient frontier for dependent asset returns. Statistical papers, 50, 593-604.
Retrieved from http:/link.springer.com/article/10.1007%2Fs00362-007-0108-x doi: 10.1007/s00362-007-0108-x
16. Chamberlain, G. A. (1983). A characterization of the distributions that imply mean-variance utility functions. Journal of Economic Theory, 29, 185-201.
Retrieved from https://www.researchgate.net/publication/223055874_A_Characterization_of_the_Distributions_That_Imply_Mean-Variance_Utility_Functions
doi: 10.1016/0022-0531(83)90129-1
17. Berk, J. B. (1997). Necessary conditions for the CAPM. Journal of Economic Theory, 73, 245-257. Retrieved from http://www.scirp.org/journal/Paperinfor-
mation.aspx?PaperlD=22415 doi: 10.1006/jeth.1996.2218

Received 20.01.2016

References (in language original)

1. Markowitz H. Portfolio selection [Electronic resource] / H. Markowitz // Journal of finance. — 1952. — No. 7. - P. 77-91. — Access mode : http://onlinelibrary.
wiley.com/doi/10.1111/j.1540-6261.1952.tb01525.x/full doi: 10.1111/j.1540-6261.1952.tb01525.x

2. Merton R. C. An analytical derivation of the efficient frontier / R. C. Merton // Journal of financial and quantitative analysis. - 1972. — No. 7. - P. 1851-1872.
doi: http://dx.doi.org/10.2307/2329621

3. Krokhmal P. Modeling and optimization of risk [Electronic resource] / P. Krokhmal, M. Zabarankin, S. Uryasev // Surveys in operations research and
management science. — 2011. - No. 16. — P. 49-66. — Access mode : hitp://www.ise.ufl.edu/uryasev/files/2011/11/Modeling_and_Optimization_of_Risk.pdf
doi: 10.1016/j.s0rms.2010.08.001

4. Basel committee on banking supervision [Electronic resource] // Operational risk consultative document, supporting document to the New Basel Capital
Accord. — January 2001. - 30 p. — Access mode : hitp://www.bis.org/publ/bcbsca02.pdf

5. Alexander G. J. Economic implication of using a mean-VaR model for portfolio selection: a comparison with mean-variance analysis [Electronic resource] /
G. J. Alexander, M. A. Baptista // Journal of economic dynamics & control. — 2002. — No. 26. — P. 1159-1193. — Access mode : doi: http://dx.doi.org/10.1016/
S0165-1889(01)00041-0

6. Bodnar T. Minimum VaR and Minimum CVaR optimal portfolios: estimators, confidence regions, and tests [Electronic resource] / T. Bodnar, W. Schmid,
T. Zabolotskyy // Statistics & Risk Modeling. — 2012. - No. 29. — P. 281-314. — Access mode : https://www.researchgate.net/publication/260986489_Mini-
mum_VaR_and_minimum_CVaR_optimal_portfolios_Estimators_confidence_regions_and_tests doi: 10.1524/strm.2012.1118

7. Rockafellar R. T. Optimality conditions in portfolio analysis with general deviation measures [Electronic resource] / R. T. Rockafellar, S. Uryasey,
M. Zabarankin // Mathematical Programming, Ser. B. — 2006a. — No. 108. — P. 515-540. — Access mode : http://link.springer.com/article/10.1007/s10107-006-
0721-9 doi: 10.1007/s10107-006-0721-9

8. Rockafellar R. T. Master funds in portfolio analysis with general deviation measures [Electronic resource] / R. T. Rockafellar, S. Uryasev, M. Zabarankin //
Journal of Banking & Finance. — No. 30. - P. 743-778. — Access mode : hitps://www.researchgate.net/publication/222556409_Master_Funds_in_Portfolio_Anal-
ysis_with_General_Aviation_Measures doi: 10.1016/j.jbankfin.2005.04.004

9. Kilianova S. Optimal pension fund management under multiperiod risk minimization [Electronic resource] / S. Kilianova, G. Ch. Pflug // Annals of Operations
Research. — 2009. — No. 166. — P. 261-270. — Access mode : http://link.springer.com/article/10.1007/s10479-008-0405-3 doi: 10.1007/s10479-008-0405-3

10. BogHap T.O. Makcumisauia BigHoweHHA LLapna noptdena giHaHCOBUX aKTUBIB Y KOHTEKCTI MiHiMisauii pusuky [EnekTpoHHuii pecypc] / T. [. boagHap,
T. M. 3a6onoubkui // EkoHomiuHmMiA Yaconue — XXI. —2013. —Ne 11-12 (1). — C. 110-113. — Pexxum pgoctyny : hitp://soskin.info/en/ea/2013/11-12/contents_27.html
11. 3abonoubkuin T. M. Baaemo3B’A30k MmiHimisauii Value-at-Risk Ta piBHA goxigHocTi nopTchena chiHaHcoBmx akTmeiB / T. M. 3abonoubkuii, O. B. Binun //
EkoHomiuHa kibepHeTuka. — 2014. — Ne 1-3 (85-87). — C. 23-30.

12. Gupta A. K. Elliptically contoured models in statistics and portfolio theory / A. K. Gupta, T. Varga, T. Bodnar. — New York : Springer, 2013. — 321 p.

13. Fama E. F. Foundations of finance / E. F. Fama. — New York : Basic Books. 1976. — 391 p.

14. DasGupta A. Asymptotic theory of statistics and probability / A. DasGupta. — New York : Springer, 2008. — 722 p.

15. Bodnar T. Statistical inference of the efficient frontier for dependent asset returns [Electronic resource] / T. Bodnar, W. Schmid, T. Zabolotskyy // Statistical
papers. — 2009. — No. 50. — P. 593-604. — Access mode : http://link.springer.com/article/10.1007%2Fs00362-007-0108-x doi: 10.1007/s00362-007-0108-x

16. Chamberlain G. A. A characterization of the distributions that imply mean-variance utility functions [Electronic resource] / G. A. Chamberlain // Journal of
Economic Theory. — No. 29. — 1983. - P. 185-201. — Access mode : hitps://www.researchgate.net/publication/223055874_A_Characterization_of_the_Distribu-
tions_That_Imply_Mean-Variance_Utility_Functions doi: 10.1016/0022-0531(83)90129-1

17. Berk J. B. Necessary conditions for the CAPM [Electronic resource] / J. B. Berk // Journal of Economic Theory. — No. 73. — 1997 — P. 245-257. — Access
mode : http://www.scirp.org/journal/Paperinformation.aspx?PaperlD=22415 doi: 10.1006/jeth.1996.2218

Crarta Hagiiwna o peaaxyii 20.01.2016

Mendeley

Mendeley is a powerful reference manager and an academic social network
with more than 3 million users.
Create a free account to discover relevant research, connect and collaborate
with the global community.
by Elsevier

Zabolotskyy, T. / Economic Annals-XXI (2016), 158(3-4(2)), 83-87

87


http://onlinelibrary.wiley.com/doi/10.1111/j.1540-6261.1952.tb01525.x/full
http://dx.doi.org/10.2307/2329621
http://dx.doi.org/10.2307/2329621
http://www.ise.ufl.edu/uryasev/files/2011/11/Modeling_and_Optimization_of_Risk.pdf
http://www.bis.org/publ/bcbsca02.pdf
http://dx.doi.org/10.1016/S0165-1889(01)00041-0
https://www.researchgate.net/publication/260986489_Minimum_VaR_and_minimum_CVaR_optimal_portfolios_Estimators_confidence_regions_and_tests
https://www.researchgate.net/publication/260986489_Minimum_VaR_and_minimum_CVaR_optimal_portfolios_Estimators_confidence_regions_and_tests
http://link.springer.com/article/10.1007/s10107-006-0721-9
https://www.researchgate.net/publication/222556409_Master_Funds_in_Portfolio_Analysis_with_General_Aviation_Measures
https://www.researchgate.net/publication/222556409_Master_Funds_in_Portfolio_Analysis_with_General_Aviation_Measures
http://link.springer.com/article/10.1007/s10479-008-0405-3
http://soskin.info/en/ea/2013/11-12/contents_27.html
http://link.springer.com/article/10.1007%2Fs00362-007-0108-x
https://www.researchgate.net/publication/223055874_A_Characterization_of_the_Distributions_That_Imply_Mean-Variance_Utility_Functions
http://www.scirp.org/journal/PaperInformation.aspx?PaperID=22415
http://www.scirp.org/journal/PaperInformation.aspx?PaperID=22415
http://onlinelibrary.wiley.com/doi/10.1111/j.1540-6261.1952.tb01525.x/full
http://onlinelibrary.wiley.com/doi/10.1111/j.1540-6261.1952.tb01525.x/full
http://dx.doi.org/10.2307/2329621
http://www.ise.ufl.edu/uryasev/files/2011/11/Modeling_and_Optimization_of_Risk.pdf
http://www.bis.org/publ/bcbsca02.pdf
http://dx.doi.org/10.1016/S0165-1889(01)00041-0
http://dx.doi.org/10.1016/S0165-1889(01)00041-0
https://www.researchgate.net/publication/260986489_Minimum_VaR_and_minimum_CVaR_optimal_portfolios_Estimators_confidence_regions_and_tests
https://www.researchgate.net/publication/260986489_Minimum_VaR_and_minimum_CVaR_optimal_portfolios_Estimators_confidence_regions_and_tests
http://link.springer.com/article/10.1007/s10107-006-0721-9
http://link.springer.com/article/10.1007/s10107-006-0721-9
https://www.researchgate.net/publication/222556409_Master_Funds_in_Portfolio_Analysis_with_General_Aviation_Measures
https://www.researchgate.net/publication/222556409_Master_Funds_in_Portfolio_Analysis_with_General_Aviation_Measures
http://link.springer.com/article/10.1007/s10479-008-0405-3
http://soskin.info/en/ea/2013/11-12/contents_27.html
http://link.springer.com/article/10.1007%2Fs00362-007-0108-x
https://www.researchgate.net/publication/223055874_A_Characterization_of_the_Distributions_That_Imply_Mean-Variance_Utility_Functions
https://www.researchgate.net/publication/223055874_A_Characterization_of_the_Distributions_That_Imply_Mean-Variance_Utility_Functions
http://www.scirp.org/journal/PaperInformation.aspx?PaperID=22415

